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σu + β · ∇u + ∇p− 2ν∇ · ε(u) = f
 
Ω,








u ∈ [H10 (Ω)]
d ∩ H0(div; Ω)
Ã



































a(u,v) + b(p,v) = (f ,v)
b(q,u) = 0






= (σ u, v) + (β · ∇u, v) + 2(νε(u), ε(v)),
b(p,v)
def
= −(p,∇ · v).
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v : Ω −→ R : v|K ∈ H





d  w¹Ô½}uyÒ}yT}}y§¶yÕ¶*ºCwy Qkh =



















= [V kh ]
d × Qkh
 2w w×yÖyyx2y ex2yuÓ}yTm5E 2w H






















(uh, ph), (vh, qh)
) def
= ah(uh,vh) + bh(ph,vh) − bh(qh,uh)




= a(uh,vh) − 〈2νε(uh)n,vh〉∂Ω − 〈uh, 2νε(vh)n〉∂Ω
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(u, p)
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A
(
(u − uh, p− ph), (vh, qh)
)
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0,K = detBK‖δK ◦ FK‖
2
0,K̂




































































































































































































γdiv, γp > 0
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C > 0


































































(β · ∇vh,vh) =
1
2
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(u, p) ∈ [Hk+1(Ω)]d+1
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(u, p) ∈ [Hk+1(Ω)]d+1
;4J&(
k ≥ 1
    /KJ,  7@& 9 	 C4N%7
' 	6@ 	 4& 	  4 , & C, ! ,
	




















































2∇(ihu − πhu)‖0,Ω ≤ C‖ν
1






























ju(u − πhu,u − πhu) ≤ ju(ihu− πhu, ihu − πhu)
+ ju(u − ihu,u − ihu).
ÆÇ[ÉÊ
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(u, p) ∈ [Hk+1(Ω)]d+1
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(uh, ph) ∈ W
k
h
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(u − uh, p− ph)
º ¶
H}







= eπ − eh,












|||(u − uh, p− ph)||| ≤ |||(e















(eπ, yπ), (eh, yh)
)
= ah(e
π, eh) + bh(y
π, eh) − bh(yh, e
π)
+ ju(e






π, eh) ≤ |||(e
π, 0)||||||(eh, 0)||| + |(e
π,β · ∇eh)|
− 〈2νε(eπ)n, eh〉∂Ω − 〈e





















|(eπ,β · ∇eh)| ≤ |(e



























2 (βh · ∇eh − π
∗













































π, eh) = −(y
π,∇ · eh − π
∗
h(∇ · eh)) + 〈y























































π) = −(yh,∇ · e
π) + 〈yh, e
π · n〉∂Ω = (∇yh, e
π)






























π, eh) + jp(y
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(uh, ph)<7 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0,Ω = (p− ph,∇ · vp)
= (p− ph,∇ · (vp − πhvp)) + 〈p− ph, πhvp · n〉∂Ω




0,Ω = (∇(p− ph),vp − πhvp)
︸ ︷︷ ︸
I
+ ah(u− uh, πhvp)
︸ ︷︷ ︸
II































II + III ≤ |||(u − uh, 0)||||||(πhvp, 0)||| + (u− uh,β · ∇πhvp)








(u − uh,β · ∇πhvp) ≤ ‖β‖0,∞,Ω‖u− uh‖0,Ω‖∇πhvp‖0,Ω
≤ C‖β‖0,∞,Ω‖u− uh‖0,Ω‖p− ph‖0,Ω.
* * æRSTEH
ÇTÉ " @&   )     	 /K >
P  '< 
t3uwy¨"mw wPyx2*m}ym e}mºyTÖ }uy¹Ôº¶*º w%¹Úum 
〈2νε(u − uh)n, πhvp〉∂Ω + 〈u − uh, 2νε(πhvp)n〉∂Ω
≤ ‖(2νh)
1















2 ε(u − uh)‖0,∂Ω ≤ ‖(2νh)
1
2 ε(u − πhu)‖0,∂Ω
+ ‖(2νh)
1
2 ε(πhu − uh)‖0,∂Ω,






















2 ε(πhvp)‖0,∂Ω ≤ C|||(πhvp, 0)|||.
ÜÝyy H®uyem¹® w} 
}uH
|||(πhvp, 0)||| ≤ C‖p− ph‖0,Ω. 
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p ∈ H1(Ω)
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u ∈ [H2(Ω)]d
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
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yh = ph − πhp
Ã¶yuwnÌmy
C|||(eh, yh)|||




ah(uh − u,vh) + bh(ph − p,vh) + ju(uh − u,vh)
− bh(qh,uh − u) = −jp(ph, qh),
Æb©ÅÊ
¹ÔL







π, eh) − bh(y












π, eh) ≤ C
(
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
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yh
def
= ph − πhp
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
*<  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(uh, ph)
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
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	  4 ÆÇ[Ê /
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‖β‖0,∞,Ωh ≤ ν,
ÆÚ¤ªÊ
 /N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(ϕ, ψ)




σϕ− β · ∇ϕ− 2ν∇ · ε(ϕ) −∇ψ = u− uh
	
Ω,









 /  	   $
‖ϕ‖2,Ω + ‖ψ‖1,Ω ≤ C‖u − uh‖0,Ω.
ÆV¤©mÊ





















0,Ω = ah(u − uh, ϕ) + bh(p− ph, ϕ) − bh(ψ,u − uh)
= ah(u − uh, ϕ− πhϕ) + bh(p− ph, ϕ− πhϕ) − bh(ψ − πhψ,u− uh)
︸ ︷︷ ︸
I








I ≤ |||u − uh|||u|||ϕ− πhϕ|||u + |(u − uh,β · ∇(ϕ − πhϕ))|
− 〈2νε(u − uh)n, ϕ− πhϕ〉∂Ω − 〈u− uh, 2νε(ϕ− πhϕ)n〉∂Ω
≤ C|||u − uh|||u|||ϕ− πhϕ|||u + C|||u − uh|||uh‖ϕ‖2,Ω
+ C‖p− ph‖0,Ωh‖ϕ‖2,Ω + C|||u− uh|||u‖h‖ψ‖1,Ω.
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II ≤ ju(u − uh,u− uh)
1
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u ∈ [H2(Ω)]d
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‖∇ · uh‖0,Ω ≤ |||(uh, ph)|||u.
  5C4
  ty[} P¶*º}u




0,Ω ≤ ‖∇ · uh − πh∇ · uh‖
2
0,Ω + jp(ph, πh∇ · uh) + 〈πh∇ · uh,uh · n〉∂Ω .
wm3uy#2wF3}y[}xÃ¶yuwnÌmy
‖∇ · uh − πh∇ · uh‖
2







jp(ph, πh∇ · uh) ≤ jp(ph, ph)
1
2 jp(πh∇ · uh, πh∇ · uh)
1
2






〈πh∇ · uh,uh · n〉∂Ω ≤ ε
−1‖γnh
− 1
2 uh · n‖
2
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
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(uh, ph) ∈ Wh
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π, eh) = −(y
π,∇ · eh) + 〈y
π, eh · n〉∂Ω
≤ ‖yπ‖0,Ω‖∇ · eh − π
∗








2 eh · n‖0,∂Ω
≤ Ch‖p‖1,Ω|||(eh, yh)|||,
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2 ≤ Ch‖p‖1,Ω + C(ν
1
2h+ h)‖u‖2,Ω,
jp(ph, ph) ≤ Cjp(yh, yh).
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(u, p) ∈ [H2(Ω)]d ×H1(Ω)
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‖p− ph‖ ≤ Ch(‖p‖1,Ω + ‖u‖2,Ω)
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u1(x1, x2) = 1 − e















Ω = (−1/2, 3/2) × (0, 2)
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u1(x1, x2, x3) = be
a(x1−x3)+b(x2−x3) − aea(x3−x2)+b(x1−x2),
u2(x1, x2, x3) = be
a(x2−x1)+b(x3−x2) − aea(x1−x3)+b(x2−x3),
u3(x1, x2, x3) = be
a(x3−x2)+b(x1−x2) − aea(x2−x1)+b(x3−x1),
p(x1, x2, x3) = (a
2 + b2 + ab)
[
ea(x1−x2)+b(x1−x3)











a = b = 0.75
 w




































































































































≤ x2 ≤ 1.
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h   3/2
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Â mx Æ ÈÊ¶yuwnÌmy
A
(
(uh, ph), (πhvp, 0)
)







d Ã h ≤ 1 Ã ν ≤ 1 Ãm ww ÁÆV¤eÈÊ3 wÓÆÇT¤mÊ¶y¨y
bh(ph, πhvp) = −(ph,∇ · πhvp) + 〈ph, πhvp · n〉∂Ω




= (∇ph, πhvp − vp) + ‖ph‖
2
0,Ω
= (∇ph − π
∗
h(∇ph), πhvp − vp) + ‖ph‖
2
0,Ω
≥ −‖∇ph − π
∗
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